The presented study experimentally and theoretically researches the vibrational fatigue of the aluminum-alloy specimen at harmonic and random loads. The relation between vibrational fatigue for deterministic and random vibration loads is demonstrated with presented experiments and standard frequency-based counting methods. Firstly, a new fatigue testing methodology is proposed to obtain the material fatigue parameters with harmonic basevibration excitation. With the developed methodology it is possible to monitor in real-time the principal stress amplitude at the specimen as well as to track the natural frequency shift and the increase of the structural damping of the specimen due to the accumulated fatigue damage. Secondly, with a validated numerical model of the specimen the mechanical stress transmissibility of the structure was obtained for the case of the random-vibration base excitation. Finally, by respecting the mechanical stress response along with experimentally obtained material fatigue parameters the vibration fatigue life was estimated for the case of the random vibration load. The numerical fatigue life is compared to the experimental one, obtained with the electro-dynamic shaker. The influence of the damping loss factor on the calculated fatigue life is indicated and discussed. The presented research shows new possibilities and critical aspects in the area of accurate high-cycle vibration fatigue life-estimation of dynamic structures.
INTRODUCTION
The fatigue failure occurs when the structure is loaded with low-amplitude cyclic loads for a longer period of time. Each cycle represents a certain amount of the fatigue damage, that is being accumulated by the structure; when the accumulated fatigue damage at the given point on the structure reaches a certain value (usually defined as unity), the fatigue failure occurs [1] . Stress cycles, that lead to the fatigue failure, are the result of external loads of the structure (e. g. mechanical, temperature, vibrational load). The type of fatigue failure due to the vibrational load of the structure is known as vibrational fatigue and has been a subject of several research studies in recent years.
Vibrational fatigue can be studied for harmonic or random vibration loads. In both cases the stress load leading to the fatigue failure occurs due to the structure's own dynamic response to the dynamic base-excitation [2] . Here, two aspects of the vibrational fatigue are addressed. Firstly, accelerated vibration tests of the dynamic structure with the electro-dynamic shaker [3] are the most often studied aspect of vibrational fatigue. There the structure is excited with a given acceleration profile, that resembles the actual vibration load during the service life [4] . Vibration tests are performed to prove in short time that no fatigue failure will occur during the service life. Secondly, the harmonic base-excitation represents an alternative to the classical fatigue testing [5] for obtaining the material's fatigue parameters (fatigue exponent and fatigue strength) [6] .
Whenever the vibrational fatigue occurs it is always accompanied with the changes of the natural frequency and damping loss factor. This phenomenon can be utilized to predict the fatigue failure [7] [8] [9] . However, when obtaining the fatigue parameters by applying harmonic vibration load the changes of natural frequency and damping lead to the varying amplitude of stress load cycles and consequentially to the incorrect identification of the fatigue parameters. In order to maintain a constant stress load amplitude the excitation signal needs to be adjusted manually [6] or automatically. The first part of this study deals with the experimental setup and real-time control of an accelerated vibration fatigue test with harmonic excitation, that in a short time accurately obtains fatigue parameters and simultaneously monitors the changes of natural frequency and damping loss factor. The contents of the first part are the continuation of the study, presented byČesnik et al. [10] .
With known fatigue parameters one can predict the fatigue life of the structure under a given load; the fatigue life can be estimated with counting methods in time or frequency domain [11] . When predicting the fatigue life for random vibrational loads, the frequency domain methods are very convenient since they count load cycle ranges from the stress response spectrum [12] . Recently, several research studies have been done in the area of the vibrational fatigue under random base-excitation. Pagnacco et al. [13] optimised a thickness distribution of a plate structure to prolong the structure's fatigue life when exposed to the random vibration. Furthermore, Paulus and Dasgupta [14] proposed semi-empirical model for fatigue life estimation in case of the random vibration. In their study they modeled a cantilevered beam as a SDOF lumped-parameter system and considered beam's natural frequency shift due to the damage accumulation within the fatigue life calculation. Han et al. [15] performed the vibration fatigue analysis of a spot-welded structure with the iterative approach. A research studies relating the fatigue parameters obtained with the harmonic excitation to the fatigue life under the random base-excitation have been presented by Chen et al. [16] and Yu et al. [17] , where the BGA solder joints have been analyzed. In this study, the second part is focused on the estimation and experimental validation of the fatigue life of a linear Y-shaped structure under a random vibration loading, where the fatigue parameters obtained from sinusoidal tests are applied.
This manuscript is organized as follows. In Section 2. the theoretical background is given, concerning the specimen's response to the base excitation, identification of instantaneous natural frequency and damping and the fatigue life calculation in the frequency domain. In Section 3. the experimental setup and control of the fatigue test with the harmonic excitation is presented along with the experimental results, needed to obtain S-N curve. In Section 4. the numerical and experimental results for a fatigue test with random base-excitation are shown and compared. In Section 5. the conclusions are given.
THEORETICAL BACKGROUND
When a dynamic system is excited in the resonant area a response amplification can be observed. By taking advantage of this response amplification it is possible to achieve high stresses in the specimen by applying relatively small excitation displacements, which makes an electro-dynamic shaker suitable for performing fatigue tests. The idea of the accelerated vibrational fatigue test is based on the dynamic response of the specimen; therefore, it is necessary to research the dynamic properties of the specimen before the actual fatigue test. Furthermore, the specimen's dynamic response to the random base-excitation represents a basis for the estimation of the fatigue life with frequency-domain counting method.
Specimen's dynamic response to the harmonic excitation
The dynamic response of the specimen depends on the modal properties of the specimen; i.e., natural frequencies, mode shapes and damping loss factors. The natural frequencies and mode shapes are easily obtained using the finite-element method and should be determined in the stage of the experiment design. The natural frequency near which the specimen is excited must be well separated from the remaining natural frequencies and be within the shaker's frequency range. Additionally, the excited mode shape of interest must be excitable with a translational movement in the axis of the shaker.
In this research the Y-shaped specimen shown in Fig. 1(a) is used [10] . The main three beams are arranged at 120
• around the main axis and have a rectangular cross-section of 10×10 mm. The Y-shaped specimen was made from aluminum alloy A-S8U3 by casting and with a surface finish performed by milling. The fatigue zone was additionally fine-ground in order to remove any scratches that could cause the premature start of an initial crack. Two additional features are included in the Y-shaped design: steel dead-weights of 52.5 g and a round hole through the main axis, which are used to adjust the initial natural frequency and to position the fatigue zone on a suitable surface, respectively. By evaluating the dynamic response of the Y-shaped specimen the fourth-mode shape at ω 1 = 755 Hz 1 ( Fig. 1(b) ) was recognized as the most suitable for the near-resonance fatigue test.
In order to appropriately excite the Y-shaped specimen with harmonic signal and simultaneously maintain constant stress amplitude some theoretical background regarding the system's response to harmonic base excitation must be given. Additionally, during the accelerated fatigue test the changes to the modal parameters of the specimen occur [8, 9] , which consequently alter the specimen's response and must be taken into the account in theoretical discussion. The theoretical discussion is applied to the basic outline of the accelerated vibration fatigue experiment, illustrated in Fig. 2 . Continuous structures, such as a Y-shaped specimen, are generally described as MDOF systems; in the case of a kinematic excitation and a hysteretic damping mechanism the equilibrium equation can be written as [18] :
Here x T denotes the total displacement vector and M, D and K are the mass, damping and stiffness matrices, respectively. For a general case x T is:
where x(t) is a vector of relative response displacements, ι is the direction influence vector and y(t) is the base-excitation. According to the Eqs. (1) and (2) the the system's relative response X a of the a-th degree-of-freedom in the case of the base excitation y(t) = Y sin(ω t) is deduced as [18] :
where m a denotes the a-th row in the mass matrix M and α X a (ω) the receptance function for the a-th degree of freedom. Additionally, r A X a represents the mass-normalized modal constant for the a-th degree-of-freedom, ω r is the r-th natural frequency and η r is the hysteretic damping loss factor for the r-th mode shape. Here it should be noted that since the excitation and response are single harmonics with a known frequency ω the relationsẍ(t) = −ω 2 · x(t) andÿ(t) = −ω 2 · y(t) between the measured accelerations and displacements are valid. If a dynamic system is observed when excited near the p-th natural frequency the the ratio X a /Y can be approximated as [18] :
where B X a is a constant complex quantity, in which the contribution of the remaining modes r p is accounted for.
If the Y-shaped specimen is observed, a similar deduction to that in Eq. (4) can be made for the frequency response of the measured principal stress σ 1 to the base excitation y(t) as:
where the mass-normalized modal constant and the contribution of the remaining modes are denoted as p A σ 1 and B σ 1 , respectively. m σ 1 is a vector of constant values, related to the mass matrix.
In the case of the Y-shaped specimen the total response is denoted as x T 1 (t) (Fig. 2) ; therefore, the relative displacement amplitude X 1 between excitation amplitude y(t) and the response X T 1 is written as:
Additionally, the relation between the stress amplitude σ and relative displacement amplitude X follows from Eqs. (4) and (5) as:
where denotes the multiplication of the modal constant p A by the corresponding massrelated matrix of constants m σ 1 .
With an assumption that the observed natural frequency ω 1 and the damping loss factor η 1 can change (ω p , η p const.) and the modal constants p A σ 1 , B σ 1 , p A X 1 and B X 1 remain constant, one can numerically verify that
throughout the whole accelerated fatigue test for the constant phase shift φ. This observation enables the indirect monitoring of the principal stress σ 1 , using only the measured excitation and response accelerations; however, the ratio σ 1 /X 1 must be experimentally obtained before the accelerated fatigue test is conducted. By knowing the constant stress amplitude at the fatigue zone and a number of load cycles until fatigue failure the fatigue test of one Y-shaped specimen directly gives a single point on the S-N diagram. From this point on, the procedure for the calculation of fatigue parameters is identical to the procedure, when classical fatigue testing machines are used [1] .
Simultaneous identification of natural frequency and damping loss factor
In order to simultaneously track changes of ω 1 and damping loss factor η 1 in the case of the near-resonant excitation a simple identification procedure is presented here, which is based on the linear SDOF assumption [18] .
In Eqs. (Eqs. (4) and (7)) it was shown that the response of a base-excited structure can be modeled with the modified receptance:
where the SDOF assumption is considered with B X a = 0. The receptance is fully defined with known values of the natural frequency ω p , the damping loss factor η p and the modal constant p A X a for the p-th mode shape. These values can be easily determined from the experimentally obtained response of the dynamic system using the circle-fitting method, described in [18] . By measuring the dynamic response of the Y-shaped specimen before the accelerated fatigue test, the initial receptance is obtained with the circle-fitting method. As the accelerated vibration fatigue test starts, the natural frequency ω 1 and the damping loss factor η 1 begin to change, therefore introducing two new variables into Eq. (9) that must be identified. The identification can be made by solving the system of equations:
where the phase angle φ, relative response X 1 and excitation Y amplitude are measured during the accelerated fatigue test.
Fatigue life estimation for the random base-excitation
Contrary to the simple fatigue life estimation methods for the case of harmonic stress history [1] the estimation of fatigue life for random stress history requires a brief theoretical introduction. Damage estimation for random stress history can be done with time-or frequencydomain methods, in this study only the Tovo-Benasciutti frequency-domain counting method is used, which has shown to be very accurate for a number of different stress profiles [19] . The frequency domain counting methods base on the frequency stress response of the excited structure. In the case of vibration excitation with given acceleration power spectral density (PSD) matrix S aa (ω) the stress response PSD matrix is [18] :
where H σa (ω) represents the acceleration to stress transmissibility matrix of the structure. Stress response PSD is obtained from numerical model, that needs to be build and validated with the actual test specimen. Since the general stress state is multi-axial, the PSD of the equivalent stress S σ eq (ω) is used for the damage intensity estimation as [20] :
where Q is constant matrix, defined in [20] . With known specimen's PSD the Tovo-Benasciutti method estimates the damage intensity as:
Here D NB is damage intensity for the narrow band stress profile and B tb is a factor, obtained from spectral characteristics of the stress PSD:
In Eqs. (14), (15) and (16) the parameters α 1 , α 2 , ν p and λ 0 are the statistical characteristics of the S σ eq (ω) (see [12] ), b and C are the fatigue parameters and Γ is the gamma function. The estimated fatigue life of the analyzed structure equals to T est = 1/D.
FATIGUE TEST WITH HARMONIC EXCITATION
The first part of the experimental work concerns the harmonic fatigue test. With the series of tests presented here the fatigue parameters for the material A-S8U3 are obtained along with the continuous changes of the natural frequency and damping loss factor. Additionally, the key steps in experimental setup are also presented.
Experiment setup and control
In the presented experimental setup, the Y-shaped specimen is attached with the fixation adapter to the LDS V555 electro-dynamical shaker, Fig 3(a) . To keep the system in the resonant area and to prevent the drop in the response amplitude the excitation frequency ω must be tracking the decreasing natural frequency ω 1 in real-time during the accelerated fatigue test.
For this case of a near-resonant single-harmonic excitation of the multi-degree-of-freedom (MDOF) system the tracking of the natural frequency can be performed by maintaining the constant phase shift φ between the excitation y(t) and the response displacement x 1 (t). The constant phase shift is maintained by adjusting the excitation frequency ω. The stress amplitude is maintained constant by adjusting the excitation amplitude Y according to the indirect measurements of stress amplitude by monitoring the relative displacement X 1 . This is possible since Eq. (8) holds; however, the constant value of σ 1 /X 1 ratio needs to be determined experimentally before the fatigue test. Therefore, the calibration measurement was performed on the specimens S01 and S02, as shown in Fig. 3(b) . The identified ratio equaled to σ 1 /X 1 = 3.90 MPa/µm. With defined adjustments of the excitation frequency ω and the excitation amplitude Y the excitation signal is fully defined and generated in real time with the cRIO 9074 controller. The control software was developed in LabView in accordance with the closed feedback control loop shown in Fig. 4 . The signals from the accelerometers were acquired with a 24-bit A/D converter, the amplitudes X (6)) and phase φ of the sine signals were determined with the LabView "Tone" module. The specimens were excited below the natural frequency with the constant phase shift of φ = 3.5
• . In order to keep the control loop stable, a time of 4 seconds for one control loop was chosen along with the ± 0.05
• and ± 0. 
Test results
The harmonic fatigue test was performed on nine Y-shaped specimens, denoted with S01-S09. The fatigue failure was recognized when a sudden drop of the natural frequency occurred. The instantaneous natural frequencies, identified with the method presented in Sec. 2.2, are shown in Fig. 5 . The changes of damping loss factors are shown in Fig. 6 . The summarized experimental results are listed in table 1, where σ 1 denotes the principal stress amplitude, f 1 init is the initial natural frequency, min(η 1 ) is the minimal damping loss factor and ∆ f 1 is the total natural frequency shift. Fig. 5 indicates that specimens show different frequency shifts and no value of the frequency shift can be used as a definite value for the indication of the final fatigue failure. At this point it should be mentioned that no significant temperature rise was measured during the fatigue testing; the temperature rise was within 2
• C and can be addressed to the heat conduction from the shaker's core to the test specimen. Additionally, from Fig. 6 it can be noticed that damping loss factor varied significantly between the tested specimens and was higher for higher loads. This can be addressed to the damping that occurs locally at the fixation of the Y-shaped specimen. Therefore, in the random fatigue test the damping loss factor, used for the numerical prediction of the fatigue life, needs to be identified and considered in the numerical model separately for each tested specimen. The material's fatigue parameters, fatigue exponent b and fatigue strength S f were calculated with least squares method. The Basquin's equation [1] for the aluminum alloy A-S8U3 is: (17) and is illustrated in the Fig. 7 along with the S-N experimental results. 
EXPERIMENT WITH RANDOM EXCITATION AND VIBRATION FATIGUE ANALYSIS
In this section, the second experiment is presented, where the Y-shaped specimens are excited with the random acceleration profile. Firstly the experimental setup and results are presented. Secondly, a numerical model for the fatigue life estimation is introduced. Finally, the comparison between experimental and predicted fatigue lives of specimens is given.
Experiment setup and results
Experimental setup of the fatigue test with the random base-excitation is identical to the setup, illustrated in Fig. 3(a) . The test was performed on the LSD V875 shaker, the acceleration profiles had constant level of the acceleration PSD in the frequency band of 600-800 Hz. The excitation of the specimen was controlled with a Dactron Laser controller. Ten Y-shaped specimens S11 -S20 were tested: at the start of each test the initial transmissibility was measured with very low acceleration profile to obtain initial damping, afterwards the fatigue test was performed. The results of the experiment are summarized in table 2. The natural frequency shifts during the random-excitation fatigue tests are shown in Fig. 8 . From it it can be observed, that significantly larger natural frequency shifts occur during the random excitation when compared to the harmonic test. During the harmonic test the instant drop of natural frequency occurs before the crack propagates through the whole cross-section. For this case the real-time control is not sufficiently reliable and the fatigue failure was declared. When the excitation is a random process, the fatigue crack propagates continuously until the full cross-section crack is reached. Since many authors [7, 21] assume that frequency shift relates to the accumulated fatigue damage the final fatigue life of the specimen is declared when a certain value of the natural frequency shift is observed. The critical natural frequency shift for the final fatigue declaration at the random-excitation test is the average final frequency shift, measured at the harmonic tests (see table 1). 
Numerical model
The vibration fatigue life of the individual tested specimen was obtained in the customly developed Vibration-fatigue plug-in for the Catia analysis environment. For the fatigue life estimation the material parameters from harmonic test were adopted. Additionally, the initial damping loss factors (table 2) were used to predict the S σ eq (ω), defined in Eq. (13). In Fig. 9 the fatigue life estimation for specimen S12 is visualized. In order to reduce the calculation time, the fatigue life calculation was performed only for the nodes in the fatigue zone. Figure 9 . Expected fatigue life for specimen S12.
Comparison of the experimental and numerical results
The comparison between the estimated and actual fatigue lives of the specimens for the case of random excitation is shown in Fig. 10 . From this figure one can notice, that the numerical analysis estimated reasonably shorter fatigue lives compared to the actual fatigue lives. This deviation originates from the damping loss factor, proposed in the numerical calculation, which was measured for the intact specimen with the low excitation level. From the discussion regarding the results of the harmonic test the damping loss factor increases with the accumulated fatigue damage and with the higher excitation level (due to the type of specimen fixation). In any case, the fatigue life estimation gives conservative prediction when the initial damping loss factor is used. Additionally for the tested series of specimens, the effective damping loss factor was obtained with numerical minimization that gives minimal sum of deviations between experimental and numerical results. The numerical optimization was performed with the simplex method. The value of effective damping loss factor was identified as 9.594·10 −4 . The comparison between experiment and fatigue life estimation using the updated value of damping loss factor is given in Fig. 11 .
From the presented comparison one can conclude, that the damping loss factor greatly influences the fatigue life estimation. Observing the specimen S11: if the value of damping loss factor is increased by factor of 2.35 the predicted fatigue life increases for the factor of 11.3. 
CONCLUSIONS
In this study an accurate examination of the vibration fatigue phenomenon is performed. The vibrational fatigue was for the case of Y-shaped specimens experimentally performed with a harmonic and random base-excitation. The comparison between experimental and numerical results was also given. Several conclusions can be drawn, which are stated in the following paragraphs.
The presented experiment with the harmonic excitation has several advantages. Firstly, with the described experimental methodology it is possible to perform a fast fatigue test with a simultaneous tracking of the changes of the modal parameters. By exciting the specimen in different mode shapes it is possible to achieve different stress states with a single specimen geometry. Additionally, an indirect measurement of the stress load, based only on measurements of the excitation and response acceleration, greatly shortens the specimen preparation time and additionally improves the reliability of the stress measurement during the whole accelerated fatigue test compared to the traditional strain-gauge method. In its present state, the experimental setup is used for the rapid acquisition of a material's fatigue parameters, since a high-cycle accelerated fatigue test of 2 · 10 7 load cycles is achieved in approximately 7 hours. The fatigue test with random excitation diminishes the influence of the natural frequency shift on the response amplitude, as long as the acceleration profile with constant acceleration PSD is applied. On the other hand, the effect of the damping increase, which occurs with accumulated damage and at higher excitation levels, is present also in the random-excitation testing. By comparing the experimental and numerical results the damping increase assures the conservative fatigue life prediction. Therefore, by adopting the initial damping loss factor, obtained with experimental modal analysis at low excitation levels, the fatigue life estimation is always on the conservative side.
